
e
s
s.
e

D

Chaotic scattering: An invariant fractal tiling of phase space
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The existence of an invariant fractal tiling of phase space for unbound Hamiltonian systems is
demonstrated. The fractal properties of this partitioning of phase space is intimately related to th
redistribution of energy among the various modes of the system. The existence of this tiling enable
one to express the expectation values of physical observables as infinite sums over all of the tile
Furthermore, knowledge of the scaling laws associated with the tiling then enables one to evaluat
these sums. ©1995 American Institute of Physics.
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I. INTRODUCTION

In the development of classical and semiclassical th
ries of chemical processes a knowledge of the structure
classical phase space is essential. The structure of p
space for bound systems has been the subject intense s
for the last several decades.1 More recently, attention has
focused on the classical dynamics of unbound system2

These studies range from fairly esoteric proofs based on
stract models to the numerical exploration of semirealis
model systems. The discussion in this paper is an effor
provide a coherent picture of the geometry imposed on ph
space by the dynamics of complex formation. While the p
cess of complex formation is of fundamental interest
chemist, similar processes occur in many other fields. E
amples include the trapping of electrons in the tail of t
magnetosphere,3 encounters of artificial satellites,4 and the
dynamics of vortices.5 The results presented have implica
tions for these and other applications.

The present study was motivated by the results presen
by the authors in a recent paper in this journal.6 Reported
there are the results of a detailed numerical investigation
the fractal structure of the initial angle–final action plots of
inelastic collision of a helium with an iodine molecule.
was demonstrated there that the formation of the HeI2 van
der Waals complex is a direct consequence of the cha
nature of the dynamics, that the final action is a fractal fun
tion of the initial angle, and the task of characterization
the geometrical properties of the fractal was begun. The fr
tal structure observed in the initial angle–final action plo
reflects the fractal geometry imposed on the classical ph
space by the dynamics. It is this fractal geometry of pha
space that is the subject of the present paper. It will be de
onstrated that the homoclinic tangle,7 the occurrence of
which is responsible for the chaotic nature of the dynami
partitions the classical phase space into an invariant fra
tiling, that the fractal properties of this partitioning are o
fundamental chemical interest, and that dynamical proper
can be expressed as a sum over each of the parts of
partitioning.

It has long been recognized that the dynamics of bou
systems can be classified as either regular or chaotic.8 The
dynamics of unbound systems can be classified in the sa
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manner.9 In both bound and unbound systems the chaot
behavior is a consequence of the existence of a homoclin
tangle.7 Despite of this common origin, the manifestations o
the chaotic behavior are quite different. The differences a
clearly seen in systems possessing a small number of degr
of freedom. As an example, compare the scattering dynami
of atom–diatom collision with the bound dynamics of a tri-
atomic molecule~for total angular momentum equal to zero!.
In both cases the systems possess three degrees of freed
In the first case the dynamics are integrable both prior to an
after the collision. The integrals of the motion can be take
to be the translational energy of the atom with respect to th
diatom, and the vibrational action and the angular mome
tum of the diatom. It is only during the collision that the
dynamics are chaotic. Thus the chaotic behavior only occu
for a finite period of time. This is very different from the
bound case where the dynamical behavior is chaotic for a
time. There are several important and interesting cons
quences of this difference. The first of these is that numeric
methods used to investigate the dynamics must be modifie
The Poincare´ surface of section~SOS! is a good example. In
bound systems the surface of section is constructed with
single trajectory. As the system evolves, each time the traje
tory crosses the SOS, the point of intersection is marked. A
the dynamics are bound, in the infinite time limit, the trajec
tory will cross the SOS an infinite number of times. Thus,
single trajectory will provide a significant amount of detailed
information concerning the structure of phase space. For u
bound systems, a single trajectory will only cross the SOS
finite number of times before it escapes back to infinite. As
consequence, for unbound systems one must use an inte
gently chosen ensemble of trajectories in order to constru
the SOS. The actual ensemble that is used will vary depen
ing on the question that one is asking. Another importan
consequence lies in the nature of the dynamically invaria
manifolds associated with the regular motion. In bound sy
tems possessingN degrees of freedom and one global con
stant of the motion, that is, the energy, the regular dynami
are confined toN dimensional invariant tori embedded in the
2N21 dimensional energy shell. Here, in the infinite time
limit, the dynamics fills the invariant torus, that is, comes
arbitrarily close to all points on the torus. In unbound sys
tems, the regular motion is confined to 2N21 dimensional
5499/5499/13/$6.00 © 1995 American Institute of Physics¬AIP¬license¬or¬copyright,¬see¬http://ojps.aip.org/jcpo/jcpcr.jsp
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tiles embedded in the 2N21 dimensional energy shell. A
single trajectory will not fill a tile, rather, the tiles are filled
by a family of trajectories that have the same topology, th
is, the trajectories can be deformed into each other in
smooth and continuous manner.

Much of the formal theoretical work on unbound dy
namical systems has focused on hyperbolic~purely chaotic!
systems. To a large extent this is due to the inherent diffic
ties associated with the coexistence of elliptic~regular! and
hyperbolic dynamics. Unfortunately, the majority of system
of interest in chemistry the dynamics are mixed, that is, o
observes both regular and chaotic behavior. As a result, m
of the theorems are not applicable in a strict sense, howe
they do provide guides to expected behavior.

The discussion in this paper focuses on the structure
posed on a given energy shell by the dynamics of a v
simple semirealistic model of the formation of a HeI2 van der
Waals complex. It must be recognized that for different e
ergy shells the details of the structure observed will chan
It is expected that the qualitative nature of the structure is
same for different energy shells. The changes in the struc
of phase space as a function of energy will be discussed
detail in a subsequent publication.10

The classical dynamics of the model system used in
present study, a helium atom colliding with a iodine mo
ecule, has been investigated previously.11,12 The model sys-
tem is described in detail elsewhere.6,13The model possesse
two degrees of freedom, the vibrational mode of the iodi
molecule and the scattering coordinate~the distance between
the helium and the center of mass of the iodine molecu!.
The configuration of the system is restricted to a T shape
the potential energy is constructed as a sum of three tw
body interactions. These interactions are taken to be Mo
oscillators. The results reported here are for a single ene
shell. The energy chosen was that of the 20th excited vib
tional state of the iodine molecule.

In Sec. II, we begin the discussion of the structure of t
classical phase space of the model system in preparation
the presentation in Sec. III of the results of a numerical
vestigation of this structure. The underlying Cantor set tha
responsible for the fractal behavior is discussed in Sec.
The implications of the existence of the fractal structure
phase space for the calculation of the physical observable
discussed in Sec. V.

II. THE STRUCTURE OF PHASE SPACE

For the model system considered,6 classical phase spac
is four dimensional. The system possesses one global c
stant of the motion, the total energy. Therefore the dynam
are confined to a three-dimensional energy shell. The ene
shell is unbound, and thus, of infinite volume. The dynam
on the energy shell can be divided into two classes:
bound and unbound motions. The bound motions are cha
terized by the fact they are confined to a finite region on t
energy shell for all times in the past and future. As the s
tem possesses no potential barriers in the exit channel, th
motions are confined by the existence of a dynamical barr
The unbound motions come in from infinite in the past a
escape back to infinite in the future. The unbound motion c
J. Chem. Phys., Vol. 103,ownloaded¬04¬Jul¬2001¬to¬131.215.142.217.¬Redistribution¬subject¬to
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be further divided into two subclasses. In the first, the dy-
namics have sufficient momentum in the correct direction to
overcome the dynamical barrier on the way in and then ar
trapped by the barrier for a finite time. Eventually, the system
finds its way back over the barrier and escapes. This is th
process of complex formation. In the second subclass of un
bound motion, the dynamics are not trapped by the barrie
and consequently escape immediately back to infinite. Th
dynamics belonging to this subclass corresponds to direc
collisions.

Both the bound and unbound dynamics fill three-
dimensional volumes and cover the energy shell~that is,
come arbitrarily close to every point on the energy shell!. In
addition to these two classes of dynamics, there is a third
class. The dynamics belonging to this class fills a volume on
the energy shell of dimensionality less than three and is o
measure zero. It is this class of dynamics that is responsib
for the fractal structure of phase space. This class consists
the unstable periodic orbits and the associated homoclini
and hetroclinic orbits. These homoclinic and hetroclinic or-
bits are asymptotic, in both the past and future, to the un
stable periodic orbits. The homoclinic orbits are asymptotic
to the same unstable periodic orbit in both the future and th
past, whereas the hetroclinic orbits are asymptotic to differ
ent unstable periodic orbits. The importance of these orbits i
that the bound and unbound dynamics must interweav
themselves around these orbits. This third class of dynamic
is the chaotic component. Unfortunately, as the chaotic com
ponent is of measure zero, it is very difficult to investigate it
directly.

The most important unstable periodic orbit corresponds
to the helium sitting at rest at infinite and the iodine molecule
vibrating. That is, both the kinetic and potential energy of the
helium are zero. The slightest perturbation of this motion
results in the helium coming in from infinity, interacting with
the iodine molecule and then returning to infinity. This peri-
odic orbit will be called the principle unstable periodic orbit
~PUPO!, and will be recognized as a periodic orbit dividing
surface~PODS!.14 Consider the Poincare´ surface of section
defined by the PUPO, i.e.,R5`, PR<0, andH5E, whereR
andPR are the coordinate and conjugate momentum of the
helium with respect to the center of mass of the iodine mol-
ecule. In this SOS, which is shown in Fig. 1, the PUPO
corresponds to the classical boundary~the boundary between
the classically allowed and forbidden regions!. There is a
one-to-one correspondence between the points in this SO
and the incoming scattering trajectories. Thus, the area en
closed by the PUPO is a measure of the number of scatterin
trajectories and is equal to the classical action of the PUPO
On this SOS the Hamiltonian is separable and can be writte
as the sum of two parts; the first being the kinetic energy o
the helium, and the second being the vibrational Hamiltonian
of the iodine molecule. Consequently, the partitioning of the
energy between the two degrees of freedom is a local con
stant of the motion on the SOS. The three dashed curves an
the central point in Fig. 1 are locus of points characterized by
a particular partitioning of the energy. The central dot corre-
sponds to all of the energy in the translational motion of the
helium atom, and the three curves correspond to3

4,
1
2, and

1
4 of
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5501A. Tiyapan and C. Jaffé: Chaotic scattering
the energy in the vibrational mode. This SOS is the spac
initial conditions for the scattering trajectories of the syste

Next consider the SOS defined byR5`, PR>0, and
H5E. This SOS has the same structure as the SOS
discussed. The PUPO is the boundary of the SOS. The po
within the boundary correspond to the outgoing scatter
trajectories. It is important to recognize that there is a o
to-one correspondence between the points on these two S

The question of fundamental interest is how the points
the first SOS are mapped into those of the second SOS
address this question consider the SOS defined byR5R0
andPR<0, whereR0 is finite but sufficiently large that the
interaction between the helium and the iodine molecule
be neglected~see Fig. 2!. Again, the Hamiltonian can be
written as a sum of the two parts; the first being the Ham
tonian of the helium and the second the Hamiltonian of
iodine molecule. The classical boundary of this SOS is fou
by settingPR50. The classical boundary of this SOS is no
periodic orbit. The area enclosed within the boundary
larger than that of the SOS defined atR5`. This is due to
the fact that, first, scattering trajectories can cross this
face more than once, and second, bound trajectories can
cross it. Since the SOS is defined in a region of coordin
space where the coupling between the translational mo
helium and the vibrational motion of the iodine molecule c
be neglected there will exist an addition local constant of
motion. This local constant of the motion can be taken to
the vibrational energy or, equivalently, the vibrational acti
of the iodine molecule. Its existence can be used to parti
the SOS into two parts. Consider the locus of points defi
by the vibrational energy of the iodine molecule being eq
to the total energy, or equivalently, the kinetic and poten

FIG. 1. Shown here is the Poincare´ surface of section defined atR5`,
PR<0, H5E. The classical boundary is the periodic orbit atR5` and all
points interior to this orbit correspond to scattering trajectories. In this
gion of phase space two constants of the motion exists, the total energ
the vibrational action of the oscillator. The dashed curves represent p
space configurations for given values of these to constants of the moti
J. Chem. Phys., Vol. 103,Downloaded¬04¬Jul¬2001¬to¬131.215.142.217.¬Redistribution¬subject¬to
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energy of the helium being equal in magnitude but opposi
in sign. This locus of points is shown in Fig. 2~a! as a dashed
line that appears to be superimposed on the classical boun
ary. An expansion of the small rectangle is shown in Fig
2~b!. Here it is clear that this locus of points are inside th
classical boundary. By propagating this locus of points bac
ward in time, it is clear, due to the existence of the additiona
local constant of the motion, that it is asymptotic in the in
finite past to the PUPO. Since classical trajectories cann
intersect in phase space, the points interior to this locus
points correspond to the first intersections of the scatterin

e-
and
ase
n.

FIG. 2. Shown here is the Poincare´ surface of section defined byR5R0 ,
PR<0,H5E, whereR0 is sufficiently large that the interaction between the
He atom and the iodine molecule can be ignored. In~a! the classical bound-
ary is found by settingPR50 and the dashed curves correspond to phas
space configurations for given values of the two constants of the motio
The dashed curve that appears to be superimposed on the classical boun
is the unstable manifold of the periodic orbit at infinite; it is interior to the
boundary. In order to make this clear, the region interior to the rectangle
shown in ~b!. The first intersection of all scattering trajectories with this
surface of section occur interior to the unstable manifold.
No. 13, 1 October 1995¬AIP¬license¬or¬copyright,¬see¬http://ojps.aip.org/jcpo/jcpcr.jsp
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trajectories with the SOS. Consequently, the area enclose
this locus of point must be equal to the area of the SOS
infinity. This is easily verified by comparing the action inte
gral over this locus of points with the action integral over th
unstable periodic orbit at infinity. The points exterior to th
locus of points correspond to bound trajectories and multi
crossing of the SOS by the scattering trajectories.

Unstable periodic orbits possess stable and unsta
manifolds.7 The dynamics asymptotic to the unstable pe
odic orbit in the future are confined to the stable manifo
while the dynamics asymptotic to the unstable periodic or
in the past are confined to the unstable manifold. The lo
of points described above represents the first intersection
the unstable manifold of the PUPO with this SOS. Simil
arguments can be made for the structure of the SOS defi
by R5R0 andPR>0, with the difference being that now th
locus of points represent the last intersection of the sta
manifold of the PUPO with the SOS. The two surfaces
section atR5R0 will be called, respectively, the incoming
and outgoing surfaces of section. Consider these two loc
points; one representing the unstable manifold and the o
the stable manifold. Propagate the unstable manifold on
incoming SOS forward in time and the stable manifold o
the outgoing SOS backward in time. The result is two d
namically invariant tubes in the energy shell. These obje
are of codimension 1 and partition the energy shell. T
points inside these two tubes correspond to scattering tra
tories. If these two tubes join smoothly, then the dynam
are regular and the union of the two tubes corresponds to
separatrix that separates the bound from the unbound mo
In such a case no complexes are formed. The generic be
ior is that these two tubes do not join smoothly, but rath
intersect in a very complicated manner. Each point on
energy shell can be labeled according to whether it is ins
~1! or outside~2! the stable and unstable manifolds. The
are four possibilities$1,1%, $1,2%, $2,1%, and$2,2%. The
bound trajectories are outside the two manifolds$2,2%, the
scattering trajectories are inside both manifolds$1,1%. The
points on the energy shell that correspond to the remain
two possibilities form a set of measure zero. They cor
spond to trajectories that are trapped in a finite volume of
energy shell in either the past$2,1% or in the future$1,2%.

The two invariant tubes, which are the stable and u
stable manifolds, are two dimension objects embedded in
three dimensional energy shell. The intersections of th
two manifolds are a set of one dimensional objects. As
two manifolds are dynamically invariant, the intersectio
must also be dynamically invariant. These intersections
classical trajectories. Since they are confined to both
stable and unstable manifold, they are homoclinic to t
PUPO.

The question of interest now becomes how does the
terior of the unstable manifold in the incoming SOS map in
the interior of the stable manifold in the outgoing SOS. T
answer this question, propagate the unstable manifold
ward in time. One observes that the first time that it inte
sects the outgoing SOS that a single segment of the unst
manifold intersects the region interior to the stable manifo
This is shown schematically in Fig. 3. The closed curve
J. Chem. Phys., Vol. 103,ownloaded¬04¬Jul¬2001¬to¬131.215.142.217.¬Redistribution¬subject¬to
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side the classical boundary is the stable manifold, the das
line partitioning the region interior to the stable manifold i
the first intersection of the unstable manifold with the outg
ing SOS. The two triangular points are the intersections
the stable and unstable manifolds, and thus, are homocl
trajectories. These two orbits play a special role in the d
namics and are called the principle intersection points~PIP!.
The orientations of the unstable and stable manifolds a
indicated by the arrows in Fig. 3. The region interior to bo
the stable and unstable manifold are the direct scattering
jectories. The region interior to the stable manifold and e
terior to the unstable manifold are the complex forming tr
jectories. This region is further partitioned by subseque
intersections of the unstable manifold with the outgoin
SOS. On the next intersection another segment of the
stable manifold intersects the interior of the stable manifo
On the third intersection, two addition segments of the u
stable manifold intersect the interior of the stable manifol
This processes continuesad infinitumand the number of seg-
ments of the unstable manifold that intersect the interior
the stable manifold increases exponentially. With a few sp
cial exceptions, the segments of the unstable manifold t
intersect the interior of the stable manifold occurs in pair
This is shown schematically in Fig. 4. Here it is seen th
such a pair further partitions the complex forming region
the outgoing surface of section. The arrows indicate the o
entation of the manifolds. The volume interior to this strip
interior to both manifolds and will not be further partitioned
Subsequent intersections will partition the regions exterior
this strip. In the infinite time limit these strips will cover the
complex forming region.

FIG. 3. Shown here is a diagram representing the outgoing surface of
tion defined byR5R0, PR>0, H5E. The closed curve interior to the clas-
sical boundary is the last intersection of the stable manifold of the per
orbit at infinite. The phase space configurations interior to this curve rep
sent the last intersections of the scattering trajectories with this surface
section. The first intersection of the unstable manifold interior to the sta
manifold partitions the scattering trajectories into the direct and comp
forming trajectories.
No. 13, 1 October 1995¬AIP¬license¬or¬copyright,¬see¬http://ojps.aip.org/jcpo/jcpcr.jsp
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5503A. Tiyapan and C. Jaffé: Chaotic scattering
Consider the boundary of a strip shown in Fig. 4. It
constructed of four segments, two belonging to the sta
manifold and the other two to the unstable manifold. T
vertices where these segments join are homoclinic orb
Since the number of strips is exponentially large, the num
of homoclinic orbits will also be exponentially large. Th
area of a strip can be obtained as the action integral over
boundary. As the action integral is invariant with respect
continuous deformations on dynamically invariant surfac
that is, the stable and unstable manifolds, one can show
this area is also equal to the sums and differences of
action integrals along the homoclinic orbits.15 The sum of the
areas of all the strips is equal to the area interior to the sta
manifold. Thus one sees that the last intersection of the
stable manifold with outgoing SOS partitions the region i
terior to the stable manifold.

Propagating this partitioning of the interior of the stab
manifold in the outgoing SOS both forwards and backwar
in time enables one to partition the scattering region of t
energy shell. This partitioning is an invariant fractal tiling.
tiling is a covering of a space such that the union of all par
which are called tiles, is the whole space and the inters
tions of individual tiles are empty. The tiles are obtained
propagating each of the enclosed areas~strips! both forward
and backward in time. Clearly, by construction, the tiles a
dynamically invariant. That the tiling is a fractal is not ye
clear. This is the subject of the remainder of this section.

In order to see that this tiling is a fractal it a necessary
make the connection between the tiling and the initial angl
final action plots. Consider the initial angle–final action pl
for the unstable manifold~see Fig. 5!. As has been shown in
Ref. 6, the final action as a function of the initial angle is
fractal function and its support has fractal dimensiond. This
plot is constructed from the same data as used to const

FIG. 4. Shown here is a diagram representing the complex forming reg
of the outgoing surface of section defined byR5R0 , PR> 0, H5E. The
intersections of the unstable manifold of the periodic orbit at infinite pa
tion this region into tiles. Each of these tiles corresponds to complex fo
ing trajectories with different topological behavior.
J. Chem. Phys., Vol. 103,Downloaded¬04¬Jul¬2001¬to¬131.215.142.217.¬Redistribution¬subject¬to
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the tiling. Each line segment of the unstable manifold con
necting two homoclinic points on the unstable manifold co
responds to an icicle in the initial angle–final action plo
Consequently, the sides of the tile that are constructed fro
the unstable manifold form a fractal set. Similar argumen
are made for the sides of the tiles constructed from the sta
manifold. The time-reversal symmetry of the dynamics re
quires that these two fractal sets be identical. The partitio
ing constructed in the outgoing SOS is a product of these tw
fractal sets. Thus it is a fractal and, since dimensions a
exponents, has a fractal dimensionD52d. Propagating this
partitioning in time yields the invariant fractal tiling that has
a fractal dimension ofV5D1152d11. In Sec. III we
present the results of a numerical investigation of the inva
ant fractal tiling.

We conclude this section observing that the partitionin
of the interior of the stable manifold in the outgoing SOS i
isomorphic to the invariant fractal tiling of the scattering
region of phase space. A quantity of major physical intere
is the cross-sectional area of each of the tiles; this area i
measure of the scattering flux that passes through a giv
tile. A consequence of the fractal properties of the tiling i
that these areas and, hence, the flux, obey scaling la
These scaling laws are obtainable from the fractal propert
of the initial angle–final action plots. This is the subject o
Sec. III.

III. THE INVARIANT FRACTAL TILING: A NUMERICAL
STUDY

In this section the connection between the fractal pro
erties of the initial angle–final action plots and those of th
invariant fractal tiling is established. This is accomplished b
demonstrating the relationship between the structure of t

on

i-
-

FIG. 5. Shown here is the initial angle–final action plot for the unstab
manifold of the periodic orbit at infinity.~a! The full initial angle–final
action plot including the direct scattering trajectories.~b! An expansion of
the chattering region in~a!. ~c! Expansion of the gap between the centra
icicle and the first icicle on the left in~b!.
No. 13, 1 October 1995¬AIP¬license¬or¬copyright,¬see¬http://ojps.aip.org/jcpo/jcpcr.jsp
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initial angle–final action plots and the invariant fractal tiling
The structure of the initial angle–final action plot has be
discussed in greater detail in Ref. 6. While this section w
start with a brief review of these results, the reader is urg
to look there for the full details. It should be noted that th
results presented here are constructed from the same da
used in Ref. 6 and thus the numerical results presented
should be considered in conjunction with those reported
Ref. 6.

A. The initial angle–final action plot

The initial angle–final action plot of the unstable man
fold is shown in Fig. 5~a!. Clearly, the final action is not a
well defined, smooth function of the initial angle. The dy
namics associated with the smooth portion of this plot cor
spond to direct collisions; the complex forming collisions a
associated with the chattering region. An expansion of
chattering region is shown in Fig. 5~b!. The major features
seen here are the icicles of the first generation. These ici
correspond to the formation of the~1:n! complexes. These
complexes survive for a single vibration of the helium, du
ing this period of time the iodine molecule oscillatesn times.
The central icicle corresponds to the formation of a~1:5!
complex. The icicles that are on either side of the cent
icicle correspond to the formation of a~1:6! complex. In
general, thenth icicle on either side of the central icicle
corresponds to the formation of a~1:n15! complex. There
exists an infinite number of icicles of the first generation a
they accumulate at the edges of the chattering region. Icic
of the second generation are found in the gaps between
icicles of the first generation. An expansion of the first gap
the left of the central feature is shown in Fig. 5~c!. The
icicles of the second generation correspond to the format
of ~2:n! complexes. These complexes survive for two osc
lations of the helium andn oscillations of the iodine mol-
ecule. The icicles of the third generation are found in ga
between the icicles of the second generation and corresp
to the formation of~3:n! complexes. This pattern continue
indefinitely. At themth level we find the icicles of themth
generation that correspond to the formation of~m:n! com-
plexes. The icicles are denumerable, that is, they can be
beled in a unique manner. The icicles of them the generation
are labeled bym signed integers. The firstm21 of these
identify the family of themth generation to which the icicle
belongs, and the last integer identifies the icicle’s positi
within its family. The reader is referred to Ref. 6 for the fu
details of this labeling system.

The structure of the initial angle–final action plot ha
been shown to be asymptotically self-similar and its asym
totic fractal properties have been determined.6 It possesses
two asymptotic scaling laws. The first, called the intrage
erational scaling law, describes the scaling of icicles within
given generation; the intragenerational scaling constant w
determined asa50.9736. The second, called the intergene
tional scaling law, describes the scaling of a family of icicl
of one generation into the icicles of the next generation;
intergenerational scaling constant was determin
b50.000 164. With fairly simple algebra, it can be show
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that these scaling constants are related to the fractal dim
sion d by

ad12bd51. ~1!

Using this relation the fractal dimension was determine
d50.562.

B. The homoclinic tangle

The locus of points representing the first intersection
the unstable manifold with the incoming SOS~defined in
Sec. II! was used as initial conditions for classical traject
ries. These trajectories where followed until they entered
interior of the stable manifold in the outgoing SOS. The SO
defined byr5r e andpr> 0 was constructed. Here,r is the
internuclear distance of the iodine molecule andpr is the
conjugate momentum;r e is the equilibrium distance. This
yields a representation of the unstable manifold. The equ
lent representation of the stable manifold can also be c
structed from this data. First note that the unstable and sta
manifolds are time-reversed images of each other. As a c
sequence, the representation of the stable manifold can
obtained by constructing the SOS defined byr5r e and
pr<0, and then changing the sign of the momentu
pr→2pr . The results of this calculation are shown in Fig.
This is the homoclinic tangle of the stable and unsta
manifolds of the PUPO. An understanding of this structure
straightforward once the structure of the initial angle–fin
action plot is understood.

Consider the segment of the unstable manifold that c
responds to direct collisions. This segment is the suppor
the direct icicle in the initial angle–final action plot of th
unstable manifold@see Fig. 5~a!#. The portion of the ho-
moclinic tangle corresponding to this segment is shown
Fig. 7. The area exterior to this closed path corresponds
the direct collisions and is called the direct tile. The ar
exterior to the direct tile contains the both the bound dyna
ics and the scattering dynamics characterized by the for
tion of complexes.

FIG. 6. Shown here is the homoclinic tangle of the stable and unsta
manifolds of the PUPO in the surface of section defined byr5r e , Pr> 0,
H5E.
No. 13, 1 October 1995AIP¬license¬or¬copyright,¬see¬http://ojps.aip.org/jcpo/jcpcr.jsp
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Do
Consider the area exterior to the direct tile, that is,
region of complex formation. The large scale structure of t
region is shown in Fig. 8. This figure is constructed by pl
ting the stable and unstable manifolds until they first int
sect and then plotting the segments of the manifold co
sponding to the direct collisions. The large central region
the interaction region. The configurations within this regi
correspond to the HeI2 van der Waals complexes. The lob
attached to the left~right! of the interaction region corre
spond to the complex forming scattering trajectories prior
~after! the formation~dissociation! of the complex. The lobes
on the left ~right! are called the reactant~product! lobes.
Consider the reactant lobes markedA, B, andC. The dynam-
ics map the points interior to lobeC into lobeB on the next

FIG. 7. Shown here is the partitioning of the surface of section defined
r5r e , Pur> 0, H5E into regions associated with the direct and comp
forming trajectories.

FIG. 8. Shown here is the partitioning of the complex forming region i
the interaction region and incoming and outgoing lobes.
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intersection with the SOS. Then the points within lobeB are
mapped into lobeA. On the third intersection with the SOS,
lobeA is mapped into the interior of the interaction region.
The dynamics after dissociation of the complex are similar
Consider the product lobes designated by I, II, and III. On
dissociation, states interior to the interaction region are
mapped into lobe I. On the next intersection lobe I is mapped
into lobe II, and then into lobe III. A consequence of these
dynamics is that the structure of the interiors of the lobes ar
isomorphic with each other. It should also be noted that the
product and reactant lobes cannot intersect.

Consider lobe I. The base of the lobe is constructed from
a segment of the stable manifold that corresponds to th
chattering region and the curved part from a segment of th
unstable manifold corresponding to the direct icicle. First
observe that the dynamics outlined above require that onl
the unstable manifold intersects this lobe. Furthermore, th
only part of the unstable manifold that can intersect with
lobe I is the segment corresponding to the chattering region
With this in mind, propagate segments of the unstable mani
fold corresponding to different icicles until they intersected
lobe I. Shown in Fig. 9 is a cartoon to illustrate this result.
The segment corresponding to the central icicle forms a little
bump in the center of the base of the lobe. The base of thi
bump is a segment of the stable manifold. Furthermore, it is
the segment that corresponds to the formation of the~1:5!
complex. All of the configurations interior to this bump cor-
respond to scattering trajectories that result in the formation
of the~1:5! complex and is the tile corresponding to the~1:5!
dynamics. Next consider the two segments corresponding t
the icicles corresponding to the formation of the~1:6! com-
plex. When these segments intersect with lobe I, they form
band over the~1:5! tile. Again, the segments of the stable

by
x

to

FIG. 9. Shown here is a diagram illustrating the partitioning of an incoming
~outgoing! lobe into tiles associated with trajectories characterized by dif-
ferent topological behavior.
No. 13, 1 October 1995¬AIP¬license¬or¬copyright,¬see¬http://ojps.aip.org/jcpo/jcpcr.jsp
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manifold forming the base of the band correspond to t
formation of a~1:6! complex. The configurations interior to
the band correspond to scattering trajectories that resul
the formation of the~1:6! complex, and thus this band is th
tile associated with the~1:6! dynamics. The other icicles o
the first generation continue to follow this pattern, forming
sequence of tiles accumulating at the edge of the lobe.

The icicles of the second generation form a similar p
tern. Consider the icicles of the second generation. Th
icicles form families of tiles in the gaps between the tiles
the first generation. At first sight, one might expect the se
ond generation icicles in the gaps between the~1:5! and the
~1:6! icicles to form tiles in the gaps between the~1:5! and
~1:6! tiles. However, this is not what occurs; the pattern
more complicated. Consider the~2:11! icicles.There are two
of these icicles. They are in the gaps on either side of
central~1:5! icicle. These two icicles form a tile in the ga
between the~1:5! and the~1:6! tile. Next consider the~2:12!
icicles. There are six of these icicles. The first two are in t
gaps between the~2:11! and~1:5! icicles on either side of the
~1:5! icicle. These two icicles form a tile in the center of th
gap between the~1:6! and ~1:7! tiles.The next two~2:12!
icicles are in the gaps between the~2:11! and the ~1:6!
icicles. These two icicles form a tile in the gap between t
~1:6! and the~2:11! tiles. The last two~2:12! icicles lie in the
gaps between the~1:6! and the ~1:7! icicles. These two
icicles form a tile in the gap between the~2:11! and the~1:5!
tiles. There are ten~2:13! icicles. These icicles form five
~2:13! tiles. The first of these is in the gap between the~1:8!
and~1:7! tiles. The next two are in the gap between the~1:7!
and the~1:6! tiles on either side of the~2:12! tile. The last
two are in the gap between the~1:6! and the~1:5! tiles. One
of these lies in the gap between the~1:6! and~2:12! tiles and
the other in the gap between the~2:12! and the~1:5! tiles.
This pattern continues, resulting in a family of~2:n! tiles in
each of the gaps between the tiles of the first generat
These second generation tiles accumulate at the edge
each of these gaps. A similar pattern is followed by t
icicles of the third and higher generations.

The tiles are denumerable and can be labeled in a m
ner analogous to the icicles. As we have seen earlier,
boundary of the tiles are constructed from segments of
stable and unstable manifolds that correspond to the icic
in the initial angle–final action plots. Two of these segmen
form the base of the tile. The icicles corresponding to the
segments are labeled bym signed integers. The icicles form
ing such a pair have the same label with opposite sig
Thus, the first integer in one of the icicles label is positiv
This is the label assigned to the tile. Thus, the tiles are
beled bym integers. The lastm-1 being signed. The tile
corresponding to the formation of the~1:5! complex is la-
beled@0#, the next corresponding to the~1:6! complex by@1#,
etc. For the second generation, the tile labeled@n1 ,0# is the
central tile in the gap between the@n1# and the@n111# tile,
and the tile labeled@n1 ,n2

6# is then2
th tile in either the@n1#

side or the@n111# side of the@n1 ,0# tile. In general, the tiles
of the mth generation are labeled bym integers
@n1 ,n2

6 ,...,nm
6#. The firstm21 integers identify the family,

that is, the gap, and themth integer identifies the position o
J. Chem. Phys., Vol. 103,ownloaded¬04¬Jul¬2001¬to¬131.215.142.217.¬Redistribution¬subject¬to
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FIG. 10. Shown here is the partitioning of the interaction region by the tile
belonging to the first generation.~a! The first nine tiles of the first genera-
tion; ~b! the ~1:5! tile; ~c! the ~1:6! tile.
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the tile within its family. Using time-reversal symmetry, th
same arguments can be applied to the structure of the r
tant lobes. Thus, the reactant lobes are also partitioned
an invariant fractal tiling, and the tiles can be labeled in
same manner. However, it must be noted that the resu
labeling system is not the same for the reactant and pro
lobes. That is, that the dynamics do not map
[n1 ,n2

6 ,...,nm
6] tile in the reactant lobes into th

[n1 ,n2
6 ,...,nm

6] tiles in the product lobes. This is due to th
fact that the labeling of the tiles in the product lobes we
constructed from the labeling of the icicles on the unsta
manifold, while the labeling of the tiles in the reactant lob
is constructed from the labeling of the icicles on the sta
manifold. Thus the question of interest becomes which tile
the reactant lobe maps into which tile in the product lobe

To this point, the discussion has focused on the dyna
ics exterior to the interaction region. This region is char
terized by the fact that none of the trajectories belonging
chaotic component lie within it. The first trajectories encou
tered belonging to this set are homoclinic orbits of the PU
and lie on the boundary of the interaction region. As a c
sequence we consider the interaction region to be the bo
ary and its interior.

C. The interaction region

The question of interest has now become of how do
tiles in the reactant lobes map into the tiles in the prod
lobe. The answer to this question lies in the structure of
interaction region. In many respects this is the most imp
tant region of phase space. This region of phase space c
sponds to the existence of the HeI2 van der Waal’s complex
In principle, a knowledge of the structure of this region
phase space should be sufficient to determine all phys
observables of the complex. The dynamics in the interac
region correspond to both complex forming and bound
jectories. The present discussion will focus on the comp
forming dynamics. The bound dynamics will be discuss
later.

In order to investigate the structure of the interacti
region, propagate tiles of the first generation forward to
tain their intersection with the interaction region. This
shown for the first nine tiles in Fig. 10~a!. Intersection of
individual tiles are shown in Figs. 10~b! and 10~c!. In Fig.
10~b! is the@0# or ~1:5! tile. This tile intersects the interactio
region of the SOS five times, one time for each of the vib
tional periods of the iodine molecule during the lifetime
the complex. Shown in Fig. 10~c! are the six intersections o
the @1# or ~1:6! tile.

Next consider the tiles belonging to the second gene
tion. Illustrated in Fig. 11 are the intersections of the sixte
tiles associated with the formation of the~2:m! complexes
for m511, 12, 13, and 14. Comparing this figure with Fi
10~a!, one sees that the tile of the second generation lie in
gaps between the tiles of the first generation. Figure
shows the~2:11! tile together with the~1:5! and ~1:6! tiles.
There are three tiles that correspond to the formation of
~2:12! complexes; these are shown in Fig. 13~a!. Time-
reversal symmetry maps one of these tiles into itself, see
13~b!. The other two~2:12! tiles are mapped into each oth
J. Chem. Phys., Vol. 103,ownloaded¬04¬Jul¬2001¬to¬131.215.142.217.¬Redistribution¬subject¬to
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by time-reversal symmetry; these are shown in Figs. 13~c!
and 13~d!. The mapping of these tiles from the reactant lob
into the product lobe is shown in Fig. 14.

There are five tiles that correspond to the formation o
the ~2:13! complexes; one symmetric with respect to time
reversal and two time-reversed pairs. This pattern continu
indefinitely. In general, there are 2i11 tiles corresponding to
the formation of a~2:111i! complex. One symmetric with
respect to time-reversal andi time-reversed pairs.

Tiles of the third generation follow a similar pattern
They lie in the gaps parallel to the edges of the tiles of th
second generation . This pattern is continued indefinite
that is, the tiles of thenth generation lie in the gaps between
the tiles of the (n21)th generation. The mapping of the tiles
of the third and higher generations from the reactant lob
into the product lobe follow a pattern similar to that of the
second generation.

FIG. 11. Shown here are the first sixteen tiles associated with the format
of second generation complexes.

FIG. 12. Shown here is the~2:11! tile together with the~1:5! and~1:6! tiles.
No. 13, 1 October 1995¬AIP¬license¬or¬copyright,¬see¬http://ojps.aip.org/jcpo/jcpcr.jsp



FIG. 13. Shown here are the~2:12! tiles. ~a! All three ~2:12! tiles. ~b! The symmetric~2:12! tile. ~c! and ~d! The two nonsymmetric~2:12! tiles.
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As is discussed at the end of Sec. II, the invariant frac
tiling is a product of two fractal sets, one from the stab
manifold and one from the unstable manifold. This is clea
seen in Figs. 10~a! and 11. As a consequence, the scaling
the cross-sectional areas of the tiles can be inferred from
scaling of the icicles observed in the initial angle–final a

FIG. 14. Shown here is a diagram illustrating the mapping of the tiles fr
an incoming lobe into an outgoing lobe.
J. Chem. Phys., Vol. 103,Downloaded¬04¬Jul¬2001¬to¬131.215.142.217.¬Redistribution¬subject¬to
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tion plots. The edges of the tiles are constructed from fo
segments, two from the unstable manifold and two from th
stable manifold. As was seen in Ref. 6, these segments ob
to scaling relations, the intragenerational and intergene
tional scaling laws. Thus, the areas of the tiles are also e
pected to obey two scaling laws. The first relates the areas
tiles within a given generation; the intragenerational scalin
constant isa. The second relates the areas of one generati
with the next generation, the intergenerational scaling co
stant isb.

D. The bound dynamics

The first observation concerning the bound dynamics
that while they fill a three-dimensional volume of the energ
shell, this volume is not connected. That is, it consists of a
infinite number of unconnected pieces. The boundary of ea
of these pieces is an invariant torus and, thus, each of th
pieces has the topology of a solid torus. The bound dynam
within these tori are also extremely complex, that is, chaoti
However, since this complexity is trapped within the boun
tori they have no effect on the scattering dynamics and w

m

No. 13, 1 October 1995¬AIP¬license¬or¬copyright,¬see¬http://ojps.aip.org/jcpo/jcpcr.jsp



t

v

d

n

s
r
in
is
e

t

h
n

h
t
i

nts
, it
r
er-
ti-
er

m-
ies
f
ics
to
y
of

e
tic

me
nal

e
a-
his
step
t,
at
its
he
is
ri-
g

t
e
d

o-
an
e
p-
dic
le

-
of
ob-
an
eri-
o-
es
-
ri.

of
f a
ut
t-

ti
n
w

5509A. Tiyapan and C. Jaffé: Chaotic scattering
not be considered further. The bound tori can be charac
ized by the periodic orbit that lies at the center of each of
torus. In general, these orbits and the associated bound
can be labeled by a pair of integers~k: l !. Here k is the
number of oscillations of the van der Waals’ bond, andl is
the number of oscillations of the iodine molecule~the ratio
k/ l is the winding number of the central periodic orbit!.

In the present example, the largest bound torus surrou
the ~1:1! periodic orbit, see Fig. 15. The configuration
within this torus correspond to the existence of a stable
der Waals’ complex with two vibrational frequencies that a
close equalv1 . v2. The next largest bound torus surroun
the ~1:4! periodic orbit. This torus is wrapped around th
~1:1! torus in such a manner that it makes four cycles in o
direction while making one in the other direction. The co
figurations within this torus correspond to the existence o
stable van der Waals’ complex with a frequency ratio of;4.
An infinite number of higher order bound tori exist. The
tori are wrapped around lower order tori, which in turn a
wrapped around even lower order tori. It is this embedd
of the bound tori that is responsible for the well known
land chain within island chain pattern in the surface of s
tion.

Each of these bound tori is a tile of the invariant frac
tiling of phase space. In general, the (k: l ) torus corresponds
to the existence of a stable van der Waals’ complex wit
frequency ratio ofk/ l . The cross-sectional areas of the bou
tiles are expected to obey scaling relationships similar
those observed for scattering dynamics, however, this has
been investigated.

IV. THE CHAOTIC COMPONENT

Associated with the invariant fractal tiling there is a
invariant set of measure zero. The elements of this set, w
is the chaotic component of the dynamics, are classical
jectories. The importance of this set of orbits is that the

FIG. 15. Shown here are the first two tiles associated with bound mo
The large island is associated with the bound motion surrounding the ce
periodic orbit and the four island chain is the bound motion associated
the stable~1:4! complex.
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variant tiles must interweave themselves around the eleme
of this set in such a manner as to fill the energy shell; thus
is responsible for the fractal structure of the tiling. Anothe
important observation is that this set is confined to the int
action region. As a result, the properties of this set are in
mately related to the dynamical properties of the van d
Waals’ complex.

In the language of nonlinear dynamics, the chaotic co
ponent is an attractor–repeller. The classical trajector
coming in from infinity are initially attracted to this set o
trajectories and then are repelled by it. The actual dynam
with respect to this set are very complicated. This is due
the fact that during the lifetime of the complex a trajector
can be attracted and repelled from many of the elements
the chaotic component. Clearly, the lifetime~and other prop-
erties! of the complex will depend on the strength of th
attraction /repulsion of the various elements of the chao
component.

The chaotic component can be constructed in the sa
manner as the cantor set that underlies the initial angle-fi
action plots in Ref. 6. Consider the SOS defined byr5r e
and pr> 0. First remove the direct scattering tile and th
central bound tile. Next remove the tiles of the first gener
tion, then remove the tiles of the second generation. T
processes is repeated indefinitely. At each successive
remove the tiles of the next generation. In the infinite limi
all of the regular dynamics have been removed and wh
remains is the chaotic component. The first class of orb
that belong to this set are the unstable periodic orbits. T
most important of these is the PUPO. In addition to th
orbit, there exist an infinite number of other unstable pe
odic orbits. These orbits can be labeled by their windin
numbers (n/m). Heren is the number of oscillations of the
van der Waals’ bond andm is the number of iodine vibra-
tions. This method of labeling is not unique. There will exis
distinct periodic orbits with the same winding number. Th
unique labeling of the unstable periodic orbits for a mixe
system is an unsolved problem.

Another class of orbits belonging to the chaotic comp
nent are the homoclinic and hetroclinic orbits. There is
infinite set of homoclinic orbits associated with each of th
unstable periodic orbits. These homoclinic orbits are asym
totic in both the past and future to the same unstable perio
orbit. Hetroclinic orbits are asymptotic to different unstab
periodic orbits in the future and past.

In addition to the unstable periodic orbits and ho
moclinic and hetroclinic orbits, a number of other classes
orbits belong to this set. Cantori are an example. These
jects, which are the remains of destroyed invariant tori, c
be constructed as the limit set of sequences of unstable p
odic orbits. One assumes that limits of sequences of h
moclinic and hetroclinic orbits associated with the sequenc
of unstable periodic orbits leading to cantori will yield ho
moclinic and hetroclinic orbits associated with the canto
Other strange objects may well exist.

The chaotic component is a very complex collection
some very odd geometrical objects. With the exception o
few very extraordinary cases, very little is understood abo
the properties of this set. Part of the difficulty in investiga
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ing the structure of this set of orbits is that it is of ze
measure, and thus, very difficult to investigate numerica
We have not pursued this problem here, but rather have
cused on the consequences of the existence of this set o
regular dynamics.

V. DISCUSSION

The model system considered in this paper was first c
structed in an effort to explain the results of a very sim
experiment.16 In the following we consider the results pre
sented here in the light of this experiment. Our goal is no
present a fully developed theory, but rather to illustrate
insight gained from a full understanding of the classical d
namics.

The simple experiment that inspired the model syst
studied in this paper involved a molecular beam crossed w
a laser. The evolution of the system was followed by obse
ing the light that was emitted from the molecular beam. T
supersonic molecular beam was formed from helium
seeded with iodine. In this beam, in addition to the He ato
and the I2 molecules, there exists a variety of van der Waa
complexes. The most common of these is the species o
terest, that is, HeI2. The frequency of the laser was chosen
excite this complex to a particular vibrational level in th
manifold of the first excited electronic state. The states
interest where those with vibrational quanta in the iod
bond. The excited complexes subsequently relaxed bac
their ground electronic states. The photons emitted in
process are collected and dispersed. From these observa
the disposition of the excess vibrational energy was then
termined.

From this experiment it was determined that there i
propensity for a single quanta of vibrational energy to
converted into translational energy. This quantity of energ
sufficient to cause the complex to dissociate into a heli
atom and an iodine molecule. An estimate of the lifetime
this process, that is, the redistribution of the energy and
subsequent dissociation, was obtained from the spe
widths of the observed transitions. The experimental res
indicate that the redistribution of the energy is not compl
nor particularly rapid. That is, this system does not meet
requirements of RRKM theory of unimolecular reactions.

As a consequence of these conclusions, this system
been used extensively to test various non-RRKM unimole
lar reaction rate theories. As a result of this interest, a la
amount of literature concerning both the classical and
quantum dynamics of this system exists. In the theory
unimolecular reactions it is assumed that the reaction p
ceeds in two steps. First the molecule is activated and the
some time later it reacts. In the simplest of these theories
also assumed that rapid and complete redistribution of
vibrational energy occurs in the period of time between
initial activation of the molecule and the reaction. Within th
framework it is easy to derive an expression for the mic
canonical unimolecular rate constant from purely statist
considerations. The basic idea is to calculate the probab
that the energy in the reactive mode exceeds given minim
E0 . A triumph of this very simple theory is that it gives th
scaling of the rate constant as a function of the total ene
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E D s,
where the exponents is the number of vibrational modes, in
addition to the reactive mode, of the activated molecule.

In the subsequent development of the theory of unim
lecular reactions the requirement that the redistribution
complete is relaxed. In these circumstances,s becomes a
parameter to be fitted and is interpreted as the number
degrees of freedom orthogonal to the reactive mode that
involved in the rapid redistribution of the energy. This is ver
suggestive in the light of the present results. The interact
region in the surface of section shown in Fig. 8 is the pha
portrait of the vibrational modes of the activate molecule th
are orthogonal to the reactive mode. The redistribution of t
energy in these modes occurs due to the existence of
chaotic component of the dynamics. It is tempting to identi
the fractal dimension of this component~in this SOS! with
the number of orthogonal vibrational modes involved in th
redistribution of the energy, that is,s5D/25d. This strongly
suggests that scaling behavior of physical observables s
as reaction rates are directly connected to the properties
the underlying invariant fractal tiling of phase space. Th
feature is retained in the further development of unimolec
lar reaction theory.

Recent developments in the nonlinear dynamics
Hamiltonian systems has spurred the development of n
RRKM theories of unimolecular reactions.12,17 The work of
Davis et al.12 is characteristic of these developments. The
argue that at the lowest level of the theory that the react
rates can be obtained directly from a knowledge of the p
titioning of phase space shown in Fig. 8. At this level of th
theory it is assumed that all points in the interaction regio
have equal probability to react within the next vibrationa
period. This is in essence the assumption of rapid and co
plete energy redistribution. This is obviously incorrect if, a
in the present case, bound motions exist. However, Da
et al. have shown that the difficulties are much more subt
They have shown that there exist intramolecular bottlenec
that partition the interaction region. These bottlenecks hind
the flow of the energy among the various modes. Davis h
developed a statistical theory of unimolecular reaction ra
based on this partitioning of phase space.

The intramolecular bottlenecks are the noble cantori, th
is, the remains of the most stable invariant tori. These obje
are elements of the chaotic component. Their existence
plies that the invariant fractal tiling is a multifractal. In othe
words, that the fractal properties of the tiling will vary de
pending upon the location in phase space. This is an imp
tant point in that it implies that the preparation of the initia
state of the activated molecule is critical. The dynamics
different initial states will explore different regions of phas
space with different fractal properties. In the present pap
we have investigated the asymptotic fractal properties of t
tiling. The multifractal properties of the tiling remain to be
characterized.

One of the important goals of unimolecular reactio
theory is to calculate the unimolecular rate constant,
equivalently, the average lifetime of the activated molecu
No. 13, 1 October 1995¬AIP¬license¬or¬copyright,¬see¬http://ojps.aip.org/jcpo/jcpcr.jsp
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In terms of the invariant fractal tiling, the average lifetime
activated molecule is given by

^t&5(
tiles

t tilePtile , ~2!

where the sum is over all tiles,ttile is the lifetime associated
with a given tile, andPtile is the probability that the system is
initial confined to the tile. The sum over all tiles can b
written as

(
tiles

5(
n

(
m

N~n:m! .

The first sum is over the generations and the second is o
the families of the tiling andN(n:m) is the number tiles that
belong to themth family of thenth generation. In the presen
example it is known that the vibrational period of the iodin
molecule does not change appreciable during the redistr
tion of the energy and thus the lifetimes of the tiles a
given by

t~n:m!5mt I2 ,

wheret I2is the period of the iodine vibration. If we assum
that all initial states are equally probable, then the probab
ties are equal to the cross-section areas of the tiles. The
ymptotic scaling laws of these areas are known,

P~n:m!5am25nbn21P0 .

Substituting these results into Eq.~1! yields

^t&5t I2P0 (
n

(
m

N~n:m!mam25nbn21. ~3!

The difficulty in evaluating this sum lies in the numbe
N(n:m) . For hyperbolic systems an algorithm for these nu
bers exists, however, such an algorithm is not known
mixed systems. If we assume that in the asymptotic lim
they scale asmn21, then Eq.~2! becomes

^t&5t I2P0b
21 (

n51

` S b

a5D n (
m55

`

mna m.

This sum can be evaluated with a bit of effort.
Our purpose has not been to obtain an expression for

average lifetime but rather to illustrate the role of the frac
partitioning of phase space in determining this quanti
From the aforementioned arguments it is clear that the av
age lifetime of the complex~and other properties! can be
expressed in terms of the fractal properties of the tiling.
the same time it is clear that to do this properly one mu
understand the multifractal properties of the tiling. We a
currently making efforts in this direction.

VI. CONCLUSIONS

It has been demonstrated that the chaotic dynamics
simple unbound Hamiltonian system can be used to partit
the classical phase space. This partitioning is an invari
fractal tiling. A tiling is a covering of a space such that th
union of all parts is equal to the full space and that t
J. Chem. Phys., Vol. 103,ownloaded¬04¬Jul¬2001¬to¬131.215.142.217.¬Redistribution¬subject¬to
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intersection of any two parts is empty. The tiling is invarian
in the sense that if the system is initially confined to a give
tile then it will be confined to this tile for all time. The fractal
properties of the tiling are a direct consequence of the exi
ence of the chaotic component of the dynamics.

We have begun the characterization of the fractal pro
erties of this tiling. We have shown that asymptotically thi
fractal is a two-scale fractal. It is clear that this is a simpl
fication of the true behavior. The fractal is clearly a multi
fractal. We have also argued that the fractal dimension of th
tiling is directly related to the number of degrees of freedo
involved in the redistribution of the energy. This is an impor
tant result as it will enable one to estimate from theoretic
consideration the dimensionality of the manifold of state
that are involved in the intramolecular vibrational energy re
distribution. We have also shown how the fractal propertie
of the tiling of phase space can be used to calculate physi
observables such as the lifetime of the complex.
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