Chaotic scattering: An invariant fractal tiling of phase space
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The existence of an invariant fractal tiling of phase space for unbound Hamiltonian systems is

demonstrated. The fractal properties of this partitioning of phase space is intimately related to the
redistribution of energy among the various modes of the system. The existence of this tiling enables
one to express the expectation values of physical observables as infinite sums over all of the tiles.
Furthermore, knowledge of the scaling laws associated with the tiling then enables one to evaluate
these sums. €995 American Institute of Physics.

I. INTRODUCTION mannef In both bound and unbound systems the chaotic
behavior is a consequence of the existence of a homoclinic
In the development of classical and semiclassical theotangle’ Despite of this common origin, the manifestations of
ries of chemical processes a knowledge of the structure ahe chaotic behavior are quite different. The differences are
classical phase space is essential. The structure of phagkarly seen in systems possessing a small number of degrees
space for bound systems has been the subject intense stugyfreedom. As an example, compare the scattering dynamics
for the last several decadesvore recently, attention has of atom—diatom collision with the bound dynamics of a tri-
focused on the classical dynamics of unbound systemsatomic moleculgfor total angular momentum equal to zgro
These studies range from fairly esoteric proofs based on alin both cases the systems possess three degrees of freedom.
stract models to the numerical exploration of semirealistidn the first case the dynamics are integrable both prior to and
model systems. The discussion in this paper is an effort tafter the collision. The integrals of the motion can be taken
provide a coherent picture of the geometry imposed on phas® be the translational energy of the atom with respect to the
space by the dynamics of complex formation. While the pro-diatom, and the vibrational action and the angular momen-
cess of complex formation is of fundamental interest totum of the diatom. It is only during the collision that the
chemist, similar processes occur in many other fields. Exeynamics are chaotic. Thus the chaotic behavior only occurs
amples include the trapping of electrons in the tail of thefor a finite period of time. This is very different from the
magnetospheré encounters of artificial satellitésand the bound case where the dynamical behavior is chaotic for all
dynamics of vortices.The results presented have implica- time. There are several important and interesting conse-
tions for these and other applications. guences of this difference. The first of these is that numerical
The present study was motivated by the results presentadethods used to investigate the dynamics must be modified.
by the authors in a recent paper in this jouth&eported The Poincarsurface of sectioiSOS is a good example. In
there are the results of a detailed numerical investigation dbound systems the surface of section is constructed with a
the fractal structure of the initial angle—final action plots of asingle trajectory. As the system evolves, each time the trajec-
inelastic collision of a helium with an iodine molecule. It tory crosses the SOS, the point of intersection is marked. As
was demonstrated there that the formation of the,iah  the dynamics are bound, in the infinite time limit, the trajec-
der Waals complex is a direct consequence of the chaotitory will cross the SOS an infinite number of times. Thus, a
nature of the dynamics, that the final action is a fractal funcsingle trajectory will provide a significant amount of detailed
tion of the initial angle, and the task of characterization ofinformation concerning the structure of phase space. For un-
the geometrical properties of the fractal was begun. The fradbound systems, a single trajectory will only cross the SOS a
tal structure observed in the initial angle—final action plotsfinite number of times before it escapes back to infinite. As a
reflects the fractal geometry imposed on the classical phassnsequence, for unbound systems one must use an intelli-
space by the dynamics. It is this fractal geometry of phasgently chosen ensemble of trajectories in order to construct
space that is the subject of the present paper. It will be denthe SOS. The actual ensemble that is used will vary depend-
onstrated that the homoclinic tandlethe occurrence of ing on the question that one is asking. Another important
which is responsible for the chaotic nature of the dynamicsconsequence lies in the nature of the dynamically invariant
partitions the classical phase space into an invariant fractahanifolds associated with the regular motion. In bound sys-
tiling, that the fractal properties of this partitioning are of tems possessiniy degrees of freedom and one global con-
fundamental chemical interest, and that dynamical propertiestant of the motion, that is, the energy, the regular dynamics
can be expressed as a sum over each of the parts of tlaee confined toN dimensional invariant tori embedded in the
partitioning. 2N—1 dimensional energy shell. Here, in the infinite time
It has long been recognized that the dynamics of boundimit, the dynamics fills the invariant torus, that is, comes
systems can be classified as either regular or ch&dtfe  arbitrarily close to all points on the torus. In unbound sys-
dynamics of unbound systems can be classified in the samems, the regular motion is confined ttN2 1 dimensional

DovinGR8EY-RfYs) 10803B) ok Pstoper 199917 —rRe 92 98ALLALR3AR) RARIIRBE LY - copy Gt 3% American Jastivts A BbysIsS: jsp 5499



5500 A. Tiyapan and C. Jaffé: Chaotic scattering

tiles embedded in theN—1 dimensional energy shell. A be further divided into two subclasses. In the first, the dy-
single trajectory will not fill a tile, rather, the tiles are filled namics have sufficient momentum in the correct direction to
by a family of trajectories that have the same topology, thabvercome the dynamical barrier on the way in and then are
is, the trajectories can be deformed into each other in @&apped by the barrier for a finite time. Eventually, the system
smooth and continuous manner. finds its way back over the barrier and escapes. This is the
Much of the formal theoretical work on unbound dy- process of complex formation. In the second subclass of un-
namical systems has focused on hyperb@figrely chaotit ~ bound motion, the dynamics are not trapped by the barrier
systems. To a large extent this is due to the inherent difficuland consequently escape immediately back to infinite. The
ties associated with the coexistence of elligtiegula) and  dynamics belonging to this subclass corresponds to direct
hyperbolic dynamics. Unfortunately, the majority of systemscollisions.
of interest in chemistry the dynamics are mixed, that is, one  Both the bound and unbound dynamics fill three-
observes both regular and chaotic behavior. As a result, margimensional volumes and cover the energy sligiht is,
of the theorems are not applicable in a strict sense, howevegtome arbitrarily close to every point on the energy shéil
they do provide guides to expected behavior. addition to these two classes of dynamics, there is a third
The discussion in this paper focuses on the structure imelass. The dynamics belonging to this class fills a volume on
posed on a given energy shell by the dynamics of a verghe energy shell of dimensionality less than three and is of
simple semirealistic model of the formation of a biean der  measure zero. It is this class of dynamics that is responsible
Waals complex. It must be recognized that for different enfor the fractal structure of phase space. This class consists of
ergy shells the details of the structure observed will changehe unstable periodic orbits and the associated homoclinic
Itis expected that the qualitative nature of the structure is thend hetroclinic orbits. These homoclinic and hetroclinic or-
same for different energy shells. The changes in the structurits are asymptotic, in both the past and future, to the un-
of phase space as a function of energy will be discussed istable periodic orbits. The homoclinic orbits are asymptotic
detail in a subsequent publicatih. to the same unstable periodic orbit in both the future and the
The classical dynamics of the model system used in th@ast, whereas the hetroclinic orbits are asymptotic to differ-
present study, a helium atom colliding with a iodine mol- ent unstable periodic orbits. The importance of these orbits is
ecule, has been investigated previods? The model sys- that the bound and unbound dynamics must interweave
tem is described in detail elsewhér€ The model possesses themselves around these orbits. This third class of dynamics
two degrees of freedom, the vibrational mode of the iodings the chaotic component. Unfortunately, as the chaotic com-
molecule and the scattering coordindiee distance between ponent is of measure zero, it is very difficult to investigate it
the helium and the center of mass of the iodine molgcule directly.
The config_uration of the system is restricted to a T shape and  The most important unstable periodic orbit corresponds
the potential energy is constructed as a sum of three tWog, the helium sitting at rest at infinite and the iodine molecule
body interactions. These interactions are taken to be MOfSﬁbrating_ That is, both the kinetic and potential energy of the
oscillators. The results reported here are for a single energyelium are zero. The slightest perturbation of this motion
shell. The energy chosen was that of the 20th excited Vvibrgregy|ts in the helium coming in from infinity, interacting with
tional state of the iodine molecule. the iodine molecule and then returning to infinity. This peri-
In Sec. Il, we begin the discussion of the structure of theyic orbit will be called the principle unstable periodic orbit
classical phase space of the model system in preparation fngpQ, and will be recognized as a periodic orbit dividing
the presentation in Sec. Il of the results of a numerical in'surface(PODS.“ Consider the Poincarsurface of section
vestigation of this structure. The underlying Cantor set that igjefined by the PUPO, i.eR=c, Pr=<0, andH = E, whereR
responsible for the fractal behavior is discussed in Sec. IV, 4 Py are the coordinate and conjugate momentum of the
The implications of the existence of the fractal structure of,qium with respect to the center of mass of the iodine mol-
phase space for the calculation of the physical observables i§. ,1e. In this SOS, which is shown in Fig. 1, the PUPO

discussed in Sec. V. corresponds to the classical boundéhe boundary between
the classically allowed and forbidden regign$here is a
one-to-one correspondence between the points in this SOS
For the model system consider®dlassical phase space and the incoming scattering trajectories. Thus, the area en-
is four dimensional. The system possesses one global coatosed by the PUPO is a measure of the number of scattering
stant of the motion, the total energy. Therefore the dynamic$rajectories and is equal to the classical action of the PUPO.
are confined to a three-dimensional energy shell. The energ®n this SOS the Hamiltonian is separable and can be written
shell is unbound, and thus, of infinite volume. The dynamicsas the sum of two parts; the first being the kinetic energy of
on the energy shell can be divided into two classes: thé¢he helium, and the second being the vibrational Hamiltonian
bound and unbound motions. The bound motions are charaof the iodine molecule. Consequently, the partitioning of the
terized by the fact they are confined to a finite region on theenergy between the two degrees of freedom is a local con-
energy shell for all times in the past and future. As the sysstant of the motion on the SOS. The three dashed curves and
tem possesses no potential barriers in the exit channel, thedge central point in Fig. 1 are locus of points characterized by
motions are confined by the existence of a dynamical barriea particular partitioning of the energy. The central dot corre-
The unbound motions come in from infinite in the past andsponds to all of the energy in the translational motion of the
escape back to infinite in the future. The unbound motion camelium atom, and the three curves correspong fpand3 of

Il. THE STRUCTURE OF PHASE SPACE
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FIG. 1. Shown here is the Poincaserface of section defined &=,

Pr<0, H=E. The classical boundary is the periodic orbitRat and all

points interior to this orbit correspond to scattering trajectories. In this re-

gion of phase space two constants of the motion exists, the total energy and

the vibrational action of the oscillator. The dashed curves represent phase 6.92
space configurations for given values of these to constants of the motion. .

the energy in the vibrational mode. This SOS is the space of
initial conditions for the scattering trajectories of the system. 6.88 —
Next consider the SOS defined =, Pr=0, and

H=E. This SOS has the same structure as the SOS just
discussed. The PUPO is the boundary of the SOS. The points
within the boundary correspond to the outgoing scattering
trajectories. It is important to recognize that there is a one- 6.84 ' I T I '
to-one correspondence between the points on these two SOS. 0.0 4.0 8.0 12.0

The question of fundamental interest is how the points of P, (au)
the first SOS are mapped into those of the second SOS. To
address this question consider the SOS definedRByR, _ . _ _

d P-<0. whereR. is finite but sufficiently large that the FIG. 2. Shown here is the Poincaserface of section defined lg=R,,

?‘n R™=% 0 . . y_ 9 Pr=<0, H=E, whereR, is sufficiently large that the interaction between the
interaction between the helium and the iodine molecule came atom and the iodine molecule can be ignoredajrthe classical bound-
be neglectedsee Fig. 2 Again, the Hamiltonian can be ary is found by setting®z=0 and the dashed curves correspond to phase
written as a sum of the two parts; the first being the Hamil-Space configurations for given values of the two constants of the motion.

. . ' . . The dashed curve that appears to be superimposed on the classical boundary
.ton_'an of the helium and the second the Har_n'lton'arﬁ of thel's the unstable manifold of the periodic orbit at infinite; it is interior to the
iodine molecule. The classical boundary of this SOS is founaoundary. In order to make this clear, the region interior to the rectangle is
by settingPr=0. The classical boundary of this SOS is not ashown in(b). The first intersection of all scattering trajectories with this
periodic orbit. The area enclosed within the boundary issurface of section occur interior to the unstable manifold.
larger than that of the SOS definedR#= <. This is due to
the fact that, first, scattering trajectories can cross this sur-
face more than once, and second, bound trajectories can alsaergy of the helium being equal in magnitude but opposite
cross it. Since the SOS is defined in a region of coordinatén sign. This locus of points is shown in Fig(a as a dashed
space where the coupling between the translational motioline that appears to be superimposed on the classical bound-
helium and the vibrational motion of the iodine molecule canary. An expansion of the small rectangle is shown in Fig.
be neglected there will exist an addition local constant of the2(b). Here it is clear that this locus of points are inside the
motion. This local constant of the motion can be taken to beclassical boundary. By propagating this locus of points back-
the vibrational energy or, equivalently, the vibrational actionward in time, it is clear, due to the existence of the additional
of the iodine molecule. Its existence can be used to partitiotocal constant of the motion, that it is asymptotic in the in-
the SOS into two parts. Consider the locus of points definedinite past to the PUPO. Since classical trajectories cannot
by the vibrational energy of the iodine molecule being equaintersect in phase space, the points interior to this locus of
to the total energy, or equivalently, the kinetic and potentialpoints correspond to the first intersections of the scattering
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trajectories with the SOS. Consequently, the area enclosed by
this locus of point must be equal to the area of the SOS at
infinity. This is easily verified by comparing the action inte-
gral over this locus of points with the action integral over the
unstable periodic orbit at infinity. The points exterior to this
locus of points correspond to bound trajectories and multiple
crossing of the SOS by the scattering trajectories.

Unstable periodic orbits possess stable and unstable
manifolds’ The dynamics asymptotic to the unstable peri-
odic orbit in the future are confined to the stable manifold,
while the dynamics asymptotic to the unstable periodic orbit
in the past are confined to the unstable manifold. The locus
of points described above represents the first intersection of
the unstable manifold of the PUPO with this SOS. Similar
arguments can be made for the structure of the SOS defined
by R=R, andPr=0, with the difference being that now the
locus of points represent the last intersection of the stable
manifold of the PUPO with the SOS. The two surfaces of
section atR=R, will be called, respectively, the incoming Pl‘
and outgoing surfaces of section. Consider these two loci of
poins; one representing the unstable marifld and the oih&1%, 5, 1w e 58 oy epeserng U ueng e o e
Fhe St"_’lble manifold. Pro_pagate the unstable man'fo!d on th cal boundary is th(g IaRst ir;tersec.tion of the stable manifold of the period
incoming SOS forward in time and the stable manifold onorbit at infinite. The phase space configurations interior to this curve repre-
the outgoing SOS backward in time. The result is two dy-sent the last intersections of the scattering trajectories with this surface of
namically invariant tubes in the energy shell. These object§ecti_on. The f.iljst intersection qf the u_nstab_le rr_1anif0|d in_terior to the stable

. . L. manifold partitions the scattering trajectories into the direct and complex
are of codimension 1 and partition the energy shell. Th,ming trajectories.
points inside these two tubes correspond to scattering trajec-
tories. If these two tubes join smoothly, then the dynamics

are regular and the union of the two tubes corresponds to thgide the classical boundary is the stable manifold, the dashed
separatrix that separates the bound from the unbound motiofine partitioning the region interior to the stable manifold is
In such a case no complexes are formed. The generic behape first intersection of the unstable manifold with the outgo-
ior is that these two tubes do not join smoothly, but ratheling SOS. The two triangular points are the intersections of
intersect in a very complicated manner. Each point on thghe stable and unstable manifolds, and thus, are homoclinic
energy shell can be labeled according to whether it is insidgrajectories. These two orbits play a special role in the dy-
(+) or outside(—) the stable and unstable manifolds. Therenamics and are called the principle intersection poiRt®).
are four possibiliteg+,+}, {+,—}, {—,+}, and{—,—}. The  The orientations of the unstable and stable manifolds are
bound trajectories are outside the two manifolds—}, the indicated by the arrows in Fig. 3. The region interior to both
scattering trajectories are inside both manifolds+}. The  the stable and unstable manifold are the direct scattering tra-
points on the energy shell that correspond to the remainingctories. The region interior to the stable manifold and ex-
two possibilities form a set of measure zero. They correterior to the unstable manifold are the complex forming tra-
spond to trajectories that are trapped in a finite volume of thgectories. This region is further partitioned by subsequent
energy shell in either the past,+} or in the future{+,—}.  intersections of the unstable manifold with the outgoing
The two invariant tubes, which are the stable and unSOS. On the next intersection another segment of the un-
stable manifolds, are two dimension objects embedded in thstable manifold intersects the interior of the stable manifold.
three dimensional energy shell. The intersections of thes®n the third intersection, two addition segments of the un-
two manifolds are a set of one dimensional objects. As thatable manifold intersect the interior of the stable manifold.
two manifolds are dynamically invariant, the intersectionsThis processes continuas infinitumand the number of seg-
must also be dynamically invariant. These intersections areents of the unstable manifold that intersect the interior of
classical trajectories. Since they are confined to both théhe stable manifold increases exponentially. With a few spe-
stable and unstable manifold, they are homoclinic to thecial exceptions, the segments of the unstable manifold that
PUPO. intersect the interior of the stable manifold occurs in pairs.
The question of interest now becomes how does the inThis is shown schematically in Fig. 4. Here it is seen that
terior of the unstable manifold in the incoming SOS map intosuch a pair further partitions the complex forming region of
the interior of the stable manifold in the outgoing SOS. Tothe outgoing surface of section. The arrows indicate the ori-
answer this question, propagate the unstable manifold forentation of the manifolds. The volume interior to this strip is
ward in time. One observes that the first time that it inter-interior to both manifolds and will not be further partitioned.
sects the outgoing SOS that a single segment of the unstabBibsequent intersections will partition the regions exterior to
manifold intersects the region interior to the stable manifoldthis strip. In the infinite time limit these strips will cover the
This is shown schematically in Fig. 3. The closed curve in-complex forming region.

™ Direct
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FIG. 4. Shown here is a diagram representing the complex forming region

of the outgoing surface of section defined Ry¥R,, Pr=0, H=E. The  F|G. 5. Shown here is the initial angle—final action plot for the unstable
intersections of the unstable manifold of the periodic orbit at infinite parti- manifold of the periodic orbit at infinity(a) The full initial angle—final

tion this region into tiles. Each of these tiles corresponds to complex formuction plot including the direct scattering trajectorié®. An expansion of
ing trajectories with different topological behavior. the chattering region irfa). (c) Expansion of the gap between the central
icicle and the first icicle on the left ifb).

Consider the boundary of a strip shown in Fig. 4. It is

constructed of four segments, two belonging to the stabldh€ tiling. Each line segment of the unstable manifold con-
manifold and the other two to the unstable manifold. TheN€cting two homoclinic points on the unstable manifold cor-
vertices where these segments join are homoclinic orbitd©SPONds to an icicle in the initial angle—final action plot.
Since the number of strips is exponentially large, the numbefronsequently, the sides of the tile that are constructed from
of homoclinic orbits will also be exponentially large. The the unstable manifold form a fractal set. Similar arguments

area of a strip can be obtained as the action integral over tHre made for the sides of the tiles constructed from the stable
boundary. As the action integral is invariant with respect tomanifold. The time-reversal symmetry of the dynamics re-

continuous deformations on dynamically invariant surfacesdUires that these two fractal sets be identical. The partition-
that is, the stable and unstable manifolds, one can show th4t9 constructed in theloutgomg SOSis a.produ_ct of these two
this area is also equal to the sums and differences of thitactal sets. Thus it is a fractal and, since dimensions are
action integrals along the homoclinic orbtf&The sum of the ~ €XPONents, has a fractal dimensidr-24. Propagating this
areas of all the strips is equal to the area interior to the stabl@@rtitioning in time yields the invariant fractal tiling that has
manifold. Thus one sees that the last intersection of the ur? fractal dimension of}=A+1=25+1. In Sec. Ill we
stable manifold with outgoing SOS partitions the region in-present the_r_esults of a numerical investigation of the invari-
terior to the stable manifold. ant fractal tiling. . . . N
Propagating this partitioning of the interior of the stable V& conclude this section observing that the partitioning
manifold in the outgoing SOS both forwards and backwards_Of the interior of the stable manifold in the outgoing SOS is

in time enables one to partition the scattering region of théS°morphic to the invariant fractal tiling of the scattering
energy shell. This partitioning is an invariant fractal tiling. A F€gion of phase space. A quantity of major physical interest

tiling is a covering of a space such that the union of all partsiS the cross-sectional area of each of the tiles; this area is a
which are called tiles, is the whole space and the intersedl'®@sure of the scattering flux that passes through a given
tions of individual tiles are empty. The tiles are obtained by!ll€- A consequence of the fractal properties of the tiling is
propagating each of the enclosed aréstgps both forward that these_areas and, hen(_:e, the flux, obey scaling Iayvs.
and backward in time. Clearly, by construction, the tiles are! N€S€ scaling laws are obtainable from the fractal properties
dynamically invariant. That the tiling is a fractal is not yet of the initial angle—final action plots. This is the subject of
clear. This is the subject of the remainder of this section. Sec. il.

In order to see that this tiling is a fractal it a necessary to _
make the connection between the tiling and the initial angle—gl_i_Jgs INVARIANT FRACTAL TILING: A NUMERICAL
final action plots. Consider the initial angle—final action plot
for the unstable manifol¢see Fig. 3. As has been shown in In this section the connection between the fractal prop-
Ref. 6, the final action as a function of the initial angle is aerties of the initial angle—final action plots and those of the
fractal function and its support has fractal dimens&his invariant fractal tiling is established. This is accomplished by

plot is constructed from the same data as used to construdemonstrating the relationship between the structure of the
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initial angle—final action plots and the invariant fractal tiling.

The structure of the initial angle—final action plot has been

discussed in greater detail in Ref. 6. While this section will =
start with a brief review of these results, the reader is urged
to look there for the full details. It should be noted that the
results presented here are constructed from the same data as
used in Ref. 6 and thus the numerical results presented here
should be considered in conjunction with those reported in
Ref. 6.

10.0

A. The initial angle—final action plot

The initial angle—final action plot of the unstable mani-
fold is shown in Fig. %a). Clearly, the final action is not a =
well defined, smooth function of the initial angle. The dy-
namics associated with the smooth portion of this plot corre-
spond to direct collisions; the complex forming collisions are
assomgted Wlt'h the Chatte“.ng reg|on. An expansmn of thie—'IG. 6. Shown here is the homoclinic tangle of the stable and unstable
chattering region is shown in Fig(®. The major features manifolds of the PUPO in the surface of section defined By, P,= 0,
seen here are the icicles of the first generation. These icicld$=E.
correspond to the formation of th@:n) complexes. These
complexes survive for a single vibration of the helium, dur-
ing this period of time the iodine molecule oscillateBmes.
The central icicle corresponds to the formation ofl1a5)
complex. The icicles that are on either side of the central a’+28°=1. (1)
icicle correspond to the formation of @:6) complex. I yging this relation the fractal dimension was determined,
general, thenth icicle on either side of the central icicle s—g5g2.
corresponds to the formation of (&:n+5) complex. There
exists an infinite number of icicles of the first generation andg Tnhe homoclinic tangle
they accumulate at the edges of the chattering region. Icicles ) ) o .
of the second generation are found in the gaps between the The locus of points representing the first intersection of

icicles of the first generation. An expansion of the first gap tolh€ unstable manifold with the incoming SQ8efined in

the left of the central feature is shown in Figich The Sec. I) was used as initial conditions for classical trajecto-
icicles of the second generation correspond to the formatioH€S- These trajectories where followed until they entered the
of (2:n) complexes. These complexes survive for two oscil-Interior of the stable manifold in the outgoing SOS. The SOS

lations of the helium anah oscillations of the iodine mol- defined byr =r, andp,> 0 was constructed. Here,is the

ecule. The icicles of the third generation are found in gapsmternuclear distance of the iodine molecule gmdis the

between the icicles of the second generation and correspor(fé)njugate momentu_m“,e is the equilibrium _d|stance. Th|s_
: i ; . yields a representation of the unstable manifold. The equiva-
to the formation of(3:n) complexes. This pattern continues

. - . o lent representation of the stable manifold can also be con-
mdeflnltg ly. At themth level we find the |c-|cles of thenth structed from this data. First note that the unstable and stable
generation that correspond to the formation(wf n) com-

| The icicl d ble. that is. th b Imanifolds are time-reversed images of each other. As a con-
Eelxzs'. € cicles are erjrl;]mgr_al e, f?h 'f]' ey can be %’equence, the representation of the stable manifold can be
eled in a unique manner. The icicles of théhe generation  o,aineq by constructing the SOS defined byr, and
are labeled bym signed integers. The firsh—1 of these

¢ ¢ ) _ ) D p,<0, and then changing the sign of the momentum,
identify the family of themth generation to which the icicle p,— —p, . The results of this calculation are shown in Fig. 6.

belongs, and the last integer identifies the icicle’s positionrhis is the homoclinic tangle of the stable and unstable
within its family. The reader is referred to Ref. 6 for the full ,5nifolds of the PUPO. An understanding of this structure is
details of this labeling system. straightforward once the structure of the initial angle—final
The structure of the initial angle—final action plot has ction plot is understood.
been shown to be asymptotically self-similar and its asymp-  Consider the segment of the unstable manifold that cor-
totic fractal properties have been determifidtl possesses responds to direct collisions. This segment is the support of
two asymptotic scaling laws. The first, called the intragen-the direct icicle in the initial angle—final action plot of the
erational scaling law, describes the scaling of icicles within aynstable manifoldsee Fig. %a)]. The portion of the ho-
given generation; the intragenerational scaling constant wagoclinic tangle corresponding to this segment is shown in
determined a&=0.9736. The second, called the intergenera+ig. 7. The area exterior to this closed path corresponds to
tional scaling law, describes the scaling of a family of iciclesthe direct collisions and is called the direct tile. The area
of one generation into the icicles of the next generation; thexterior to the direct tile contains the both the bound dynam-
intergenerational scaling constant was determinedcs and the scattering dynamics characterized by the forma-
£=0.000 164. With fairly simple algebra, it can be showntion of complexes.

that these scaling constants are related to the fractal dimen-
sion & by
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FIG. 7. Shown here is the partitioning of the surface of section defined by

r=re, P,,=0, H=E into regions associated with the direct and complex . ) ) ) o ) .

forming trajectories. FIG. 9. Shown here is a diagram illustrating the partitioning of an incoming
(outgoing lobe into tiles associated with trajectories characterized by dif-
ferent topological behavior.

Consider the area exterior to the direct tile, that is, the
region of complex formation. The large scale structure of thiﬁntersection with the SOS. Then the points within Idbare

r_egion is shown in Fig. 8. This “gl.”e Is con;tructeq by_p|0t'mapped into lobeé\. On the third intersection with the SOS,
ting the stable and unstable manifolds until they first inter- b - "r o mapped into the interior of the interaction region.

sect and then plotting the segments of the manifold COMepe dynamics after dissociation of the complex are similar.

spor_wding tq the O"TeCt collisions_. The_large ‘?ef‘”a'.regioﬂ iSConsider the product lobes designated by 1, I, and Ill. On
the interaction region. The configurations within this region jissociation, states interior to the interaction region are

correspond to the Hg_elvan der Wa_als corr_]plexes: The lobes mapped into lobe I. On the next intersection lobe | is mapped
attached to the lefright) of the interaction region corre- into lobe 1, and then into lobe Ill. A consequence of these
spond to the complex forming scattering trajectories prior tc’dynamics ié that the structure of the interiors of the lobes are
(aften) the formation(dissociation of the complex. The lobes isomorphic with each other. It should also be noted that the
on th.e left (right) are called the reactar{produc} lobes. product and reactant lobes cannot intersect.

Consider the reactant lobes mark&ds, andC. The dynam- Consider lobe I. The base of the lobe is constructed from

ics map the points interior to lob@ into lobeB on the next a segment of the stable manifold that corresponds to the
chattering region and the curved part from a segment of the
unstable manifold corresponding to the direct icicle. First
observe that the dynamics outlined above require that only
the unstable manifold intersects this lobe. Furthermore, the
only part of the unstable manifold that can intersect with
lobe | is the segment corresponding to the chattering region.
With this in mind, propagate segments of the unstable mani-
fold corresponding to different icicles until they intersected
lobe I. Shown in Fig. 9 is a cartoon to illustrate this result.
The segment corresponding to the central icicle forms a little
bump in the center of the base of the lobe. The base of this
bump is a segment of the stable manifold. Furthermore, it is

Interaction the segment that corresponds to the formation of (thé)
Region complex. All of the configurations interior to this bump cor-
= T - T T respond to scattering trajectories that result in the formation
20 -10 0.0 1.0 2.0 of the (1:5) complex and is the tile corresponding to {ie5)
PR dynamics. Next consider the two segments corresponding to

the icicles corresponding to the formation of tie6) com-
FIG. 8. Shown here is the partitioning of the complex forming region into PI€X. When these Sefgmems. intersect with lobe |, they form a
the interaction region and incoming and outgoing lobes. band over thg1:5) tile. Again, the segments of the stable
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manifold forming the base of the band correspond to the
formation of a(1:6) complex. The configurations interior to
the band correspond to scattering trajectories that result in
the formation of thg1:6) complex, and thus this band is the
tile associated with th€l:6) dynamics. The other icicles of
the first generation continue to follow this pattern, forming a
sequence of tiles accumulating at the edge of the lobe.

The icicles of the second generation form a similar pat-
tern. Consider the icicles of the second generation. These
icicles form families of tiles in the gaps between the tiles of
the first generation. At first sight, one might expect the sec-
ond generation icicles in the gaps between (thé) and the
(1:6) icicles to form tiles in the gaps between ttike5) and
(1:6) tiles. However, this is not what occurs; the pattern is
more complicated. Consider tti2:11) icicles.There are two
of these icicles. They are in the gaps on either side of the
central(1:5) icicle. These two icicles form a tile in the gap
between th€1:5) and the(1:6) tile. Next consider thé2:12)
icicles. There are six of these icicles. The first two are in the
gaps between th@:11) and(1:5) icicles on either side of the
(1:5) icicle. These two icicles form a tile in the center of the
gap between thél:6) and (1:7) tiles.The next two(2:12)
icicles are in the gaps between tli2:11) and the(1:6)
icicles. These two icicles form a tile in the gap between the
(1:6) and the(2:11) tiles. The last twd2:12) icicles lie in the
gaps between thél:6) and the (1:7) icicles. These two
icicles form a tile in the gap between tk11) and the(1:5)
tiles. There are teri2:13) icicles. These icicles form five
(2:13) tiles. The first of these is in the gap between th)
and(1:7) tiles. The next two are in the gap between (h&)
and the(1:6) tiles on either side of thé2:12) tile. The last
two are in the gap between tli&:6) and the(1:5) tiles. One
of these lies in the gap between ttie6) and(2:12) tiles and
the other in the gap between tf2:12) and the(1:5) tiles.

This pattern continues, resulting in a family @n) tiles in

each of the gaps between the tiles of the first generation.
These second generation tiles accumulate at the edges of
each of these gaps. A similar pattern is followed by the
icicles of the third and higher generations.

The tiles are denumerable and can be labeled in a man-
ner analogous to the icicles. As we have seen earlier, the
boundary of the tiles are constructed from segments of the
stable and unstable manifolds that correspond to the icicles
in the initial angle—final action plots. Two of these segments
form the base of the tile. The icicles corresponding to these
segments are labeled Inysigned integers. The icicles form-
ing such a pair have the same label with opposite signs.
Thus, the first integer in one of the icicles label is positive.
This is the label assigned to the tile. Thus, the tiles are la-
beled bym integers. The lastn-1 being signed. The tile
corresponding to the formation of th&:5 complex is la-
beled[0], the next corresponding to tli&:6) complex by 1],
etc. For the second generation, the tile labdledQ] is the
central tile in the gap between tlie,] and the[n, +1] tile,
and the tile labeledin,,n5 ] is thend tile in either the[n, ]
side or then, +1] side of the[n,;,0] tile. In general, the tiles
of the mth generation are labeled bym integers
[ny,n5,....n5]. The firstm—1 integers identify the family,

A. Tiyapan and C. Jaffé: Chaotic scattering
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that is, the gap, and theth integer identifies the position of tion; (b) the (1:5) tile; (c) the (1:6) tile.

T
1.0

2.0

FIG. 10. Shown here is the partitioning of the interaction region by the tiles
belonging to the first generatiofa) The first nine tiles of the first genera-
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the tile within its family. Using time-reversal symmetry, the

<o

same arguments can be applied to the structure of the reac- = 3 f /’
tant lobes. Thus, the reactant lobes are also partitioned into
an invariant fractal tiling, and the tiles can be labeled in the g_ 3
same manner. However, it must be noted that the resulting - 3 AN /
labeling system is not the same for the reactant and product - \ ///‘“’O\"\\

. . 3 NN
lobes. That is, that the dynamics do not map the S R

[n;,n5,....n;] tile in the reactant lobes into the 7
[ny,n5,...,n;] tiles in the product lobes. This is due to the

fact that the labeling of the tiles in the product lobes were
constructed from the labeling of the icicles on the unstable

8.0

manifold, while the labeling of the tiles in the reactant lobes 3 R ___,g-rﬁ

is constructed from the labeling of the icicles on the stable )

manifold. Thus the question of interest becomes which tile in o

the reactant lobe maps into which tile in the product lobes. <r'_2 0 _1' 0 0'0 er 20
To this point, the discussion has focused on the dynam- :

ics exterior to the interaction region. This region is charac- If{

terized by the fact that none of the trajectories belonging to

chaotic component lie within it. The first trajectories encoun-FIG. 11. Shown here are the first sixteen tiles associated with the formation
tered belonging to this set are homoclinic orbits of the PUP(' sécond generation complexes.

and lie on the boundary of the interaction region. As a con-

sequence we consider the interaction region to be the boun%—y time-reversal symmetry: these are shown in Figgc)l3

ary and its interior. and 13d). The mapping of these tiles from the reactant lobe
into the product lobe is shown in Fig. 14.

There are five tiles that correspond to the formation of

The question of interest has now become of how do thehe (2:13) complexes; one symmetric with respect to time-
tiles in the reactant lobes map into the tiles in the producteversal and two time-reversed pairs. This pattern continues
lobe. The answer to this question lies in the structure of théndefinitely. In general, there areé 21 tiles corresponding to
interaction region. In many respects this is the most importhe formation of a(2:11+i) complex. One symmetric with
tant region of phase space. This region of phase space cornespect to time-reversal andime-reversed pairs.
sponds to the existence of the Hehn der Waal's complex. Tiles of the third generation follow a similar pattern.
In principle, a knowledge of the structure of this region of They lie in the gaps parallel to the edges of the tiles of the
phase space should be sufficient to determine all physicalecond generation. This pattern is continued indefinitely,
observables of the complex. The dynamics in the interactiothat is, the tiles of theth generation lie in the gaps between
region correspond to both complex forming and bound trathe tiles of the (—1)th generation. The mapping of the tiles
jectories. The present discussion will focus on the complexf the third and higher generations from the reactant lobe
forming dynamics. The bound dynamics will be discussednto the product lobe follow a pattern similar to that of the
later. second generation.

In order to investigate the structure of the interaction
region, propagate tiles of the first generation forward to ob-

C. The interaction region

tain their intersection with the interaction region. This is Sr- o :

shown for the first nine tiles in Fig. 18). Intersection of — WY ‘(./

individual tiles are shown in Figs. 19 and 1@c). In Fig. o 5oy a

10(b) is the[0] or (1:5) tile. This tile intersects the interaction ol N v

region of the SOS five times, one time for each of the vibra- {,

tional periods of the iodine molecule during the lifetime of = - )

the complex. Shown in Fig. 16) are the six intersections of =7 0/,\Q s

the[1] or (1:6) tile. 7 /A NS
Next consider the tiles belonging to the second genera- =3 ig .

tion. lllustrated in Fig. 11 are the intersections of the sixteen e \

tiles associated with the formation of tli2:m) complexes :

for m=11, 12, 13, and 14. Comparing this figure with Fig. 4 e _ AT

10(a), one sees that the tile of the second generation lie in the T

gaps between the tiles of the first generation. Figure 12 o

shows the(2:11) tile together with thg1:5) and (1:6) tiles. <r_2.0 _1|'0 0.'0 To 20

There are three tiles that correspond to the formation of the
(2:12) complexes; these are shown in Fig.(83 Time- PR

reversal symmetry maps one of these tiles into itself, see Fig.

13(b). The other twa(2:12) tiles are mapped into each other FIG. 12. Shown here is th@:11) tile together with the1:5) and(1:6) tiles.
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FIG. 13. Shown here are th@:12) tiles. (a) All three (2:12) tiles. (b) The symmetriq2:12) tile. (c) and(d) The two nonsymmetri¢2:12) tiles.

As is discussed at the end of Sec. Il, the invariant fractation plots. The edges of the tiles are constructed from four
tiling is a product of two fractal sets, one from the stablesegments, two from the unstable manifold and two from the
manifold and one from the unstable manifold. This is clearlystable manifold. As was seen in Ref. 6, these segments obey
seen in Figs. 1@ and 11. As a consequence, the scaling ofto scaling relations, the intragenerational and intergenera-
the cross-sectional areas of the tiles can be inferred from thigonal scaling laws. Thus, the areas of the tiles are also ex-
scaling of the icicles observed in the initial angle—final ac-pected to obey two scaling laws. The first relates the areas of
tiles within a given generation; the intragenerational scaling
constant ise. The second relates the areas of one generation

stant isg.

[/
772\

II A\\\\\' .I’I;

= 7]

212

Incoming
Lobe

it )

Outgoing
Lobe

D. The bound dynamics

with the next generation, the intergenerational scaling con-

The first observation concerning the bound dynamics is
that while they fill a three-dimensional volume of the energy
shell, this volume is not connected. That is, it consists of an
infinite number of unconnected pieces. The boundary of each
of these pieces is an invariant torus and, thus, each of these
pieces has the topology of a solid torus. The bound dynamics
within these tori are also extremely complex, that is, chaotic.

FIG. 14. Shown here is a diagram illustrating the mapping of the tiles fromHOWeverv since this complexity is trap.ped Within_the bounq
tori they have no effect on the scattering dynamics and will

an incoming lobe into an outgoing lobe.
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variant tiles must interweave themselves around the elements
of this set in such a manner as to fill the energy shell; thus, it
is responsible for the fractal structure of the tiling. Another
important observation is that this set is confined to the inter-
action region. As a result, the properties of this set are inti-
mately related to the dynamical properties of the van der
Waals’ complex.

In the language of nonlinear dynamics, the chaotic com-
ponent is an attractor—repeller. The classical trajectories
coming in from infinity are initially attracted to this set of
trajectories and then are repelled by it. The actual dynamics
with respect to this set are very complicated. This is due to
the fact that during the lifetime of the complex a trajectory
can be attracted and repelled from many of the elements of
the chaotic component. Clearly, the lifetirtend other prop-
ertie9 of the complex will depend on the strength of the
attraction /repulsion of the various elements of the chaotic
FIG. 15. Shown here are the first two tiles associated with bound motionCOmMponent.

The large island is associated with the bound motion surrounding the central  The chaotic component can be constructed in the same
periodic orbit and the four island chain is the bound motion associated withnanner as the cantor set that underlies the initial angle-final
the stablg(1:4) complex. . . . .

action plots in Ref. 6. Consider the SOS definedrbyr,
and p,= 0. First remove the direct scattering tile and the

not be considered further. The bound tori can be charactef€ntral bound tile. Next remove the tiles of the first genera-
ized by the periodic orbit that lies at the center of each of thdion, then remove the tiles of the second generation. This

torus. In general, these orbits and the associated bound td?[CCesses is repeated indefinitely. At each successive step
can be labeled by a pair of integefk:|). Here k is the ~ '€move the tiles of the next generation. In the infinite limit,

number of oscillations of the van der Waals’ bond, arig all of the regular dynamics have been removed and what
the number of oscillations of the iodine molecutae ratio remains is the chaotic component. The first class of orbits
k/l is the winding number of the central periodic ojbit that bglong to this set are the unstable periodif:.orbits. T.he

In the present example, the largest bound torus surround80St important of these is the PUPO. In addition to this
the (1:1) periodic orbit, see Fig. 15. The configurations ort_)lt, the_re exist an |nf_|n|te number of other unst_able_ peri-
within this torus correspond to the existence of a stable vaRdic orbits. These orbits can be labeled by their winding
der Waals’ complex with two vibrational frequencies that are"Umbers ¢/m). Heren is the number of oscillations of the
close equaly; = w,. The next largest bound torus surroundsVan der Waals’ bond andh is the number of iodine vibra-
the (1:4) periodic orbit. This torus is wrapped around the tions. This method of labeling is not unique. There will exist
(1:1) torus in such a manner that it makes four cycles in ondlistinct periodic orbits with the same winding number. The
direction while making one in the other direction. The con-unique labeling of the unstable periodic orbits for a mixed
figurations within this torus correspond to the existence of £ystem is an unsolved problem.

stable van der Waals’ complex with a frequency ratio-ef. Another class of orbits belonging to the chaotic compo-
An infinite number of h|gher order bound tori exist. Thesenent are the homoclinic and hetroclinic orbits. There is an

tori are wrapped around lower order tori, which in turn areinfinite set of homoclinic orbits associated with each of the
wrapped around even lower order tori. It is this embeddinginstable periodic orbits. These homoclinic orbits are asymp-
of the bound tori that is responsible for the well known is- totic in both the past and future to the same unstable periodic
land chain within island chain pattern in the surface of secOrbit. Hetroclinic orbits are asymptotic to different unstable
tion. periodic orbits in the future and past.

Each of these bound tori is a tile of the invariant fractal ~ In addition to the unstable periodic orbits and ho-
tiling of phase space. In general, thel() torus corresponds Mmoclinic and hetroclinic orbits, a number of other classes of
to the existence of a stable van der Waals’ complex with @rbits belong to this set. Cantori are an example. These ob-
frequency ratio ok/l. The cross-sectional areas of the boundjects, which are the remains of destroyed invariant tori, can
tiles are expected to obey scaling relationships similar tde constructed as the limit set of sequences of unstable peri-
those observed for scattering dynamics, however, this has neglic orbits. One assumes that limits of sequences of ho-
been investigated. moclinic and hetroclinic orbits associated with the sequences

of unstable periodic orbits leading to cantori will yield ho-
moclinic and hetroclinic orbits associated with the cantori.
Other strange objects may well exist.

Associated with the invariant fractal tiling there is an The chaotic component is a very complex collection of
invariant set of measure zero. The elements of this set, whickome very odd geometrical objects. With the exception of a
is the chaotic component of the dynamics, are classical tradew very extraordinary cases, very little is understood about
jectories. The importance of this set of orbits is that the in-the properties of this set. Part of the difficulty in investigat-

40 6.0 8.0 100 12.0 14.0

IV. THE CHAOTIC COMPONENT
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measure, and thus, very difficult to investigate numerically. E
We have not pursued this problem here, but rather have fo-

cused on the consequences of the existence of this set of tt}\%ere the exponergis the number of vibrational modes, in

regular dynamics. addition to the reactive mode, of the activated molecule.
In the subsequent development of the theory of unimo-
V. DISCUSSION lecular reactions the requirement that the redistribution is
The model system considered in this paper was first coneomplete is relaxed. In these circumstancefecomes a
structed in an effort to explain the results of a very simpleparameter to be fitted and is interpreted as the number of
experiment® In the following we consider the results pre- degrees of freedom orthogonal to the reactive mode that are
sented here in the light of this experiment. Our goal is not tdnvolved in the rapid redistribution of the energy. This is very
present a fully developed theory, but rather to illustrate thesuggestive in the light of the present results. The interaction
insight gained from a full understanding of the classical dy-region in the surface of section shown in Fig. 8 is the phase
namics. portrait of the vibrational modes of the activate molecule that
The simple experiment that inspired the model systenare orthogonal to the reactive mode. The redistribution of the
studied in this paper involved a molecular beam crossed witkenergy in these modes occurs due to the existence of the
a laser. The evolution of the system was followed by observehaotic component of the dynamics. It is tempting to identify
ing the light that was emitted from the molecular beam. Thethe fractal dimension of this compone(i this SOS with
supersonic molecular beam was formed from helium gashe number of orthogonal vibrational modes involved in the
seeded with iodine. In this beam, in addition to the He atomsedistribution of the energy, that is= A/2= 4. This strongly
and the } molecules, there exists a variety of van der Waals’'suggests that scaling behavior of physical observables such
complexes. The most common of these is the species of iras reaction rates are directly connected to the properties of
terest, that is, Hegl The frequency of the laser was chosen tothe underlying invariant fractal tiling of phase space. This
excite this complex to a particular vibrational level in the feature is retained in the further development of unimolecu-
manifold of the first excited electronic state. The states ofar reaction theory.
interest where those with vibrational quanta in the iodine  Recent developments in the nonlinear dynamics of
bond. The excited complexes subsequently relaxed back tdamiltonian systems has spurred the development of non-
their ground electronic states. The photons emitted in thiRRKM theories of unimolecular reactiofs!’ The work of
process are collected and dispersed. From these observatidbavis et al!? is characteristic of these developments. They
the disposition of the excess vibrational energy was then deargue that at the lowest level of the theory that the reaction
termined. rates can be obtained directly from a knowledge of the par-
From this experiment it was determined that there is ditioning of phase space shown in Fig. 8. At this level of the
propensity for a single quanta of vibrational energy to betheory it is assumed that all points in the interaction region
converted into translational energy. This quantity of energy ihave equal probability to react within the next vibrational
sufficient to cause the complex to dissociate into a heliunperiod. This is in essence the assumption of rapid and com-
atom and an iodine molecule. An estimate of the lifetime ofplete energy redistribution. This is obviously incorrect if, as
this process, that is, the redistribution of the energy and then the present case, bound motions exist. However, Davis
subsequent dissociation, was obtained from the spectra&t al. have shown that the difficulties are much more subtle.
widths of the observed transitions. The experimental result¥hey have shown that there exist intramolecular bottlenecks
indicate that the redistribution of the energy is not completehat partition the interaction region. These bottlenecks hinder
nor particularly rapid. That is, this system does not meet the¢he flow of the energy among the various modes. Davis has
requirements of RRKM theory of unimolecular reactions. developed a statistical theory of unimolecular reaction rates
As a consequence of these conclusions, this system hégsed on this partitioning of phase space.
been used extensively to test various non-RRKM unimolecu-  The intramolecular bottlenecks are the noble cantori, that
lar reaction rate theories. As a result of this interest, a largés, the remains of the most stable invariant tori. These objects
amount of literature concerning both the classical and thare elements of the chaotic component. Their existence im-
guantum dynamics of this system exists. In the theory oplies that the invariant fractal tiling is a multifractal. In other
unimolecular reactions it is assumed that the reaction prowords, that the fractal properties of the tiling will vary de-
ceeds in two steps. First the molecule is activated and then @ending upon the location in phase space. This is an impor-
some time later it reacts. In the simplest of these theories it iant point in that it implies that the preparation of the initial
also assumed that rapid and complete redistribution of thetate of the activated molecule is critical. The dynamics of
vibrational energy occurs in the period of time between thdlifferent initial states will explore different regions of phase
initial activation of the molecule and the reaction. Within this space with different fractal properties. In the present paper
framework it is easy to derive an expression for the micro-we have investigated the asymptotic fractal properties of the
canonical unimolecular rate constant from purely statisticatiling. The multifractal properties of the tiling remain to be
considerations. The basic idea is to calculate the probabilitgharacterized.
that the energy in the reactive mode exceeds given minimum, One of the important goals of unimolecular reaction
Ey. A triumph of this very simple theory is that it gives the theory is to calculate the unimolecular rate constant, or
scaling of the rate constant as a function of the total energyequivalently, the average lifetime of the activated molecule.

ing the structure of this set of orbits is that it is of zero (E—EO)S
k=c ,
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In terms of the invariant fractal tiling, the average lifetime of intersection of any two parts is empty. The tiling is invariant

activated molecule is given by in the sense that if the system is initially confined to a given
tile then it will be confined to this tile for all time. The fractal
(1)= 2 TilePlile 2 properties of the tiling are a direct consequence of the exist-
tiles ence of the chaotic component of the dynamics.
where the sum is over all tilesy, is the lifetime associated We have begun the characterization of the fractal prop-

with a given tile, andPy is the probability that the system is erties of this tiling. We have shown that asymptotically this
initial confined to the tile. The sum over all tiles can be fractal is a two-scale fractal. It is clear that this is a simpli-

written as fication of the true behavior. The fractal is clearly a multi-
fractal. We have also argued that the fractal dimension of this

DS Ninem - f[iling is di_rectly relgtec_j to_the number of degrgeg of fr_eedom

iles n m ’ involved in the redistribution of the energy. This is an impor-

Jant result as it will enable one to estimate from theoretical
consideration the dimensionality of the manifold of states
belong to themth family of thenth generation. In the present that .are.mvolved in the intramolecular vibrational energy re-

distribution. We have also shown how the fractal properties

example it is known that the vibrational period of the iodine  the til £ oh b d lcul hvsical
molecule does not change appreciable during the redistrib 2! (€ ting of phase space can be used to calculate physica

tion of the energy and thus the lifetimes of the tiles areobservables such as the lifetime of the complex.
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